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The Boundary Characteristic and Pick’s Theorem in 
the Archimedean Planar Tilings 
DING REV 
AND 
JOHN R. REAY* 
The tiling of the plane by unit squares is only one of the I I Archimedean tilings 
which use regular polygons and have only one type of vertex. In this paper, the 
boundary characteristic of a lattice polygon is defined for every Archimedean tiling. 
and related enumeration formulae are found. Pick’s theorem (on the area of a lat- 
tice polygon in the tilling by squares) is then generalized for lattice polygons in 
each of the Archimedean tilings, by enumerating the number of tiles of each type in 
the polygon. 1 1987 Academy Pre\a. li,c 
I. INTRODUCTION 
Pick’s theorem asserts that if the simple planar polygon P has vertices at 
lattice points (that is, points where both coordinates are integers), and if P 
has h lattice points on its boundary and i lattice points in its interior, then 
the area of P is given by 
A(P)=h/2+i- 1. 
After introducing some basic notation in Section 2, we introduce the 
concept of the boundary characteristic c’ of u lattice polygon P. This 
parameter and Pick’s number n = h + 2i- 2 will be the key, in Sections 3 
and 4, to theorems concerning the area of certain polygons in the 
Archimedean tilings. Section 5 reviews other generalizations of Picks 
theorem. 
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FIG. 1. Archimedean planar tilings with congruent regular polygons. 
2. NOTATION 
The Archimedean tilings (shown in Figs. 1,2, and 3) may be charac- 
lterized by the order in which the regular polygons occur around each ver- 
‘tex of the tiling. This order is called the type of the vertex or the type of the 
Archimedean tiling. For example, (2)3.4.3.4. denotes the tiling by regular 
triangles and squares where the order around each vertex is two triangles, 
followed by a square, a triangle, and a square. 
For each Archimedean tiling let V and E denote, respectivily, the set of 
all vertices of the tiling and the family of all edges of the tiling. (V, E) is a 
d-regular planar graph, and the degree d of the tiling is the degree at each 
vertex, or equivalently, the number of regular polygonal tiles adjacent to 
each vertex. Set V is the lattice determined by the tiling, and will be 
denoted by V [type] whenever it is necessary to distinguish the particular 
Archimedean tiling. For each tiling, 9 or 9 [type] will denote the set of all 
lattice polygons, that is, planar polygons whose boundary is a simple closed 
curve and whose vertices lie in V. Let %? denote the subset of all polygons 
in 9 whose boundary lies in the union of E. Thus a polygon P in ?Z must 
be the finite union of regular polygons which make up the specified 
Archimedean tiling, and its boundary is a simple closed path using the 
edges in E. We always assume that each edge has unit length in every tiling. 
(2)X.4.3.4 4.R.S i.c.1. 
FIG. 2. Archimedean tilings using two different regular polygons 
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FIG. 3. Archimedean tilings using three diflerent regular polygons 
For each lattice point .x on the boundary c?P of a lattice polygon P E 9, 
let F(x, P) (respectively, G(x, P)) be the number of edges in E which are 
incident to x and which extend locally into the exterior (respectively, 
interior) of P. We will define the boundary churucterisric c(x, P) ut the 
boundary point x as c(x, P) = F(.r, P) - G(x, P) and the boundary charac- 
teristic c = c(P) of P is defined by 
c(P) = c c(x, P). 
YE?fJ 
The examples in Fig. 4 (and similar variants) show that in 9 [(3)6] the 
parameter c may assume any integer, and may vary even though h and i 
remain the same. 
With this notation the theorem of Pick [8] may be stated as 
THEOREM (PICK). The area qf’ any polygon P in 9’ [ (4)4] is A(P) = n/2. 
3. POLYC~NAL AREAS IN ARCHIMEDEAN LATTICES WITH CONGRUENT TILES 
In this section we consider polygons P whose vertices are at the vertex 
points of one of the tilings shown in Fig. 1. 
THEOREM 1. I’P is a polygon in 9’ [(4)4], then c(P) = 8 and its area is 
A(P) = n/2. 
X Y 
I?.., 0 I’\ ’ : , l:’ z U W 
c (XYZ)= 5 
c (XZW)= 7 
c) c (XZU) = 9 
FIG. 4. The boundary characteristic in (3)6. 
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Proof: We need only outline the proof that c is always 8. First, it is easy 
to show that if P is any triangle with vertices in the lattice of (4)4, then 
c(P) = 8. 
Secondly, every lattice polygon P for any Archimedean tiling is the union 
of disjoint (except for common edges) lattice triangles. These triangles may 
be ordered in such a way that the union of the first k of them is a lattice 
polygon, for each k. This process will be referred to as “shelling the 
polygon P” by triangles. 
Thirdly, suppose P and Q and P u Q are lattice polygons in 9 [(4)4], 
and suppose P and Q have no common interior points, and 
c(P) = c(Q) = 8. It is easy to show that c(Pu Q) = 8 is always true. Com- 
bining these facts, we get c(P) = 8 for any P in 9 [ (4)4]. 1 
THEOREM 2. Zf P is a polygon in 9 [(6)3], then c(P) = 12 and its area is 
A(P)=(J5/2)(/7/2+i-1)=(&2)/4. 
Proof. Since we are assuming that any edge in each tiling has unit 
length, the obvious linear transformation which takes V [(4)4] onto V 
[(6)3] has Jacobian a/2. Apply Pick’s theorem to get -A(P). The proof 
that c(P) = 12 whenever P lies in B [(6)3] is similar to the proof in 
Theorem 1. 1 
We next consider the hexagonal lattice (3)6. We first consider only 
polygons in V?. The following technical lemma extends the ideas in the third 
part of the proof of Theorem 1 to all Archimedean lattices, but it is valid 
only for the special case where the polygons are restricted to 9. 
LEMMA 1. In any Archimedean tiling of degree d, suppose Q is a polygon 
in ‘4 whose interior is disjoint from the kgon tile P. Suppose the common 
boundary P n Q is a path in the graph ( V, E) of length at least one. (Thus 
P v Q is also in %Y.) Then 
c(PuQ)=c(Q)+(d-2)(k-2)-4. 
Proof: Consider how c(Q) is changed when the kgon P is added to 
Q. (See Fig. 5.) At an end point X of the common border, the exterior edge 
XZ is lost and an interior edge XY is gained, for a net decrease of 2 at each 
end point. At each of the other (k - 2) vertex points of P (like Y or Z in 
Fig. 5) there is a net increase of (d- 2). i 
FIG. 5. Expanding polygon Q by one k-gon 
T‘HFKIREM 3. (1 P is LI po/&y~ in '6 [ (3 )h], rhctr C.(P) = h m/ iis drc 0 tt 
A(P) = (nH)i’4, rt%rrr H = (3 ., 3 I::! i.s the tlmi o! 0 ritl,glc hr.~u,~o/i. 
Proqf: It is clear that C(P) -=- h rf P is a single hexagon. For each P m ‘t; 
there is a shelling of P by regular lattice hexagons. tise I/= .3 and k = 6 m 
Lemma I to complete the induction argument. Thus C(P) = 6 for all P in ‘6 
C(3)61. 
A similar inductive proof is the easiest way to show that A(P) = (n11)/4. 
However we will give a different argument which uses Theorem 2 and 
which will be useful later. We may embed the hexagonal lattice k’ [( 3 )6] in 
a triangular lattice V [(6)3] by adding the auxiliary set A4 of the centers of 
each hexagon. The parameter i in Theorem 2 now becomes (i + /I), where i 
is the number of original (3)6-lattice points interior to P, and 17 is the num- 
ber of auxiliary points of M interior to P. Note that no points of M lie on 
the boundary of P. Also,/(P) = 12. H since h gives the number of hexagons 
[each of area H = (3J3)/2] in P. Thus by Theorem 2, 17. H = ,4(P) = 
(H/3)(/1/2 + [i + h] - 1). Solving this equation for h gives /1(P) = in ff) 4 
as desired. 1 
We will next consider the more general class 9 [ (3)6] of polygons with 
vertices in the hexagonal lattice. Here the boundary characteristic c is no 
longer constant, as we have seen in Fig. 4, and it becomes a useful 
parameter in finding the area of certain lattice polygons. Extending the 
notation used in the proof of Theorem 3, we let: 
H = the area of a regular hexagon from the tiling 
M= the set of centers of the hexagons of (3)6, called the auxiliary 
points, when we embed (3)6 in the triangular tiling (6)3 
h = the number of auxiliary points in the interior of P 
m = the number of auxiliary points on the boundary of P 
h’ = h + tiz = the number of (6)3-lattice points on the boundary of P 
i’ = i-t /z = the number of (6)3-lattice points in the interior of P. 
The next theorem follows directly from Theorem 2. 
THEOREM 4. [f P is a polygon in 9 [ ( 3)6] then its area is 
A(P)=(H/3)(h’/2+i’ 1). (1) 
We now come to the main theorem of this section, which, for a large 
class of hexagonal lattice polygons, gives the area as a function of only the 
boundary characteristic, and the number of lattice points in the interior 
and on the boundary of the polygon. To define this class. let Y [(3)6] 
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FIG. 6. Shelling in [(3)6] 
denote the class of all polygons in 9 [(3)6] whose boundary consists of 
diagonals and/or edges of hexagons in (3)6. 
THEOREM 5. If P is a polygon in 9 [(3)6] then its urea is 
A(P)=(3n+c-6)H/l2. (2) 
As an example, Theorem 5 asserts that the areas of triangles XYZ, 
XZ W, and XZU of Fig. 4c are respectively (3 + 5 - 6) H/12 = H/6, 
(3 + 7 - 6) H/l2 = H/3, and (3 + 9 - 6) H/12 = H/2. Also note that 
Theorem 3 is a special case of Theorem 5, since c = 6 whenever P is in % 
[(3)6]. By combining (1) and (2) it is easy to show that Theorem 5 is 
equivalent to the following result, which is a purely combinatorial result, 
and not dependent on the scale (area of a hexagonal tile) of the lattice. 
THEOREM 5’. For any Pin 9 [(3)6], c=2m+4h-b-2i+8. 
Proof qf Theorem 5. Refering to the triangles in Fig. 4c, each polygon P 
in 9 is either congruent to triangle XZU or else there is a shelling of P by 
lattice triangles congruent to XYZ and/or XZ W. (Fig. 6 shows an example 
of such a shelling.) We have checked above that Theorem 5 holds for these 
three special triangles. Thus we may proceed with an induction argument 
using the shelling. Suppose a triangle congruent to XYZ is adjointed to a 
lattice polygon Q. If the triangle and Q have one edge in common it is easy 
to show that in every case b(Q) is one less than h of the union, and i does 
not change. If the triangle and Q have two edges in common then 6(Q) is 
one more than b of the union, and i(Q) is one less than i of the union. In 
either case c(Q) is one more than c of the union. So adding the triangle 
increases n by one, decreases c by one, and thus increases the area (2) by 
H/6. Similarly, if a triangle congruent to XZW is adjointed to a lattice 
polygon Q, it is easy to show that in every case c and n both increase by 1, 
so the area of Q is increased by H/3. Thus induction on the shelling preser- 
ves the area (2) and the theorem is proved. 1 
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FIG. 7. 4 counterexample 
Clearly % c 9 c 9. It would be interesting to characterize the class 6’ of 
.attice polygons for which (2) holds. The example in Fig. 7 shows that 
d # 9. Theorem 5 applies to the parallelogram XYZW, where (’ = 6, i = 3, 
‘, = 8, and thus n = 12 and the area is 3H. However triangle XYZ of Fig. 7 
s in 9 but not 9, so Theorem 5 does not apply. Its area is clearly 1.5 H 
[half the area of the parallelogram), and L’ = 7, i = 1, h = 5. Thus for 
:riangle XYZ, (3n + c - 6) H/12 = 4H/3 and Eq. (2) is not valid. 
4. POLYGONAL AREAS IN OTHER ARCHIMEDEAN LATTICES 
Each of the remaining Archimedean tilings uses 2 or 3 non-congruent 
tiles. By considering a polygon P in %? we will be able to determine how 
nany tiles of each kind are contained in P. A simple computation then 
;ives the area of P when we assume each edge of E to be of unit length. 
THEOREM 6. If polygon P lies in either %? [ (3)3.(2)4] or in $5 
[(2)3.4.3.4 J then the number of triangles,from the titing in P und the number 
?f squares in P are, respectively, 
t=(n-c+ lo)/2 and s=(n+c- 10)/4 
Thus the area of P is A(P) = s + (J?/4) t. 
Proof. It is suflicient to show that n = 2s + t and c = 10 + 2s - t. Each 
Df these is clear if P consists of a single triangle or a single square of the 
tiling. So find a shelling of P by triangles and squares of the tiling, and use 
Induction. If triangie T has one side in common with a polygon P then P 
snd P u T have the same interior lattice points, and b( P u T) = b(P) + 1. If 
2 triangle T has two sides in common with a polygon P then 
i( P u T) = i(P) + 1, and b( P u T) = b(P) - 1. In either case, adding triangle 
T increases n = h + 2i - 2 by 1 and decreases c by 1 (by Lemma 1 ), so the 
two equations hold for P u T if they were true for P. Similarly, if a square 
with one, two adjacent, or three adjacent sides in common to P is added to 
P, it may be shown that c and n both must increase by 2, and the induction 
is completed. 1 
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I 1 
b = 3 
i =O 
c = 11 
FIG. 8. Triangles in (3)3.(2)4 with unequal areas, same parameters. 
It is interesting to note, using terminology found in Grunbaum and 
Shephard [S], that the above results depend on the specie of the 
Archimedean tiling and not on the type of the tiling. Neither vertex set V is 
readily embeddable in a linear transformation of V [(4)4], so the techni- 
ques of Section 3 do not apply directly. However, the vertices of (3)3.(2)4 
may be partitioned into two subsets, each of which is the image under a 
linear transformation of V [(4)4]. And then we may find the area of a lat- 
tice polygon whose vertices are in one of these subsets of V [(3)3.(2)4]. 
These results are left to the reader. The same method of proof is applied in 
Theorem 7 for the remaining Archimedean tilings which use only two non- 
congruent tiles. Figure 8 shows two lattice triangles in [(3)3.(2)4] with dif- 
ferent areas but the same values for h, i, and c. 
THEOREM 7. For each polygon P in V [type], the number of each kind 
of tile from the tiling that are contained in P, and equivalently, the boun- 
dary characteristic and Pick number for P, are given in Table I. 
Proof. For each given type of Archimedean tiling, and for any lattice 
polygon P in Q? [type], find a shelling of P by lattice tiles. The given for- 
mulas for n and c may then be shown using induction, as in Theorem 6. 
Note that the induction step for c uses Lemma 1. The number of each kind 
of tile and the area of P may then quickly be computed from the Pick num- 
ber and the boundary characteristic. Computational details are omitted. 1 
We finally consider the last two Archimedean tilings, shown in Fig. 3. 
TABLE I 





triangle t=(2n-c+10)/3 c=lOt 8h-t 
hexagon h = (n + c- lo)/12 n=4h+t 
triangle r = (n-c + 8)/3 c=8+4h-2t 
hexagon h=(2n+c-8)/12 n=4h+t 
triangle t=(3n-Sc+30)/18 c=6+6v-3t 
12-gon v=(3n+c-6)/36 n=lOu+t 
square s=(n-3c+18)/8 c=6+2u-2s 
octagon u=(n+c-6)/8 n=6u?-2s 
Since we wish to determine the number of each of the three types of regular 
polygons in P, it is clear that a third parameter (in addition to the boun- 
dary characteristic and Pick’s number) will be necessary. Each edge of the 
tiling 3.4.6.4 is adjacent to one square. So given a polygon P in %’ C3.4.6.41, 
let us define the adjacency of an edge in the boundary of P to be + 1 if its 
adjacent square lies outside P, and - 1 if its adjacent square lies inside P. 
The adjacency of an edge of P in % [4.6.12] is defined similarly for those 
edges which are adjacent to a square. For those edges adjacent to a 
hexagon and a 12-gon, use the 12-gon in place of the square in the 
definition. In any case define the udjucency characteristic e of a polygon to 
be the sum of the adjacencies of the edges in its boundary. It is clear that 
the adjacency characteristic LJ, like the boundary characteristic (‘, is deter- 
mined locally in a neighbourhood of the boundary, and is independent (in 
general) of the area enclosed by the polygon. 
THEOREM 8. For each polygon P in % [3.4.6.4] or ‘(; C4.6.121, the num- 
ber of each kind of regular polygon qf the tiling that are contained in P, und 
equivalently, the boundary charucteristic c, the Pick number n, and the 
adjacency characteristic e of the pol.vgon P, ure given in Table II. 
Proqf: Proceed as in the proof of the above theorems. Computational 
details are omitted. 1 
5. RELATED RESULTS AND APPLICATIONS 
Since its appearance in 1899, the theorem of Pick [S] has been proved in 
many ways; see Coxeter [ 11, DeTemple and RObeFtsOn [2], Funkenbusch 
[3], Liu [6], Niven and Zuckerman [7]. The simplicity and elegant 
beauty of the theorem have lead to many articles of a popular nature in 
journals concerning the teaching of mathematics. Gaskell, Klamkin, and 
Watson [4], among others, point out that Pick’s theorem is a topological 
result, and not dependent on areas. A number of authors (C2, 3, 6,9]), 
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have shown that it is equivalent to Euler’s theorem, or have used the 
Euler-Poincare characteristic in generalizations to polygons whose boun- 
daries are not simple closed polygonal curves with vertices at the lattice 
points. Scott [ 121 has established a number of inequalities between the 
parameter b and i for various classes of polygons. Reeve [9] has 
generalized Pick’s theorem to 3-dimensional lattice polyhedra, but was 
forced to use an adjunct lattice as well as the lattice which contains the 
vertices. 
Grunbaum and Shephard [S] is an excellent introduction to results and 
open problems concerning the Archimedean and other regular tilings. One 
possible application is in computer graphics, where the anti-aliasing of 
computer-generated images requires finding the areas of certain polygons. 
See Chapter 2 of Rogers [IO] for more detailed descriptions and further 
references. 
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